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COMMUTING CONJUGATES OF
FINITE-ORDER MAPPING CLASSES
NEERAJ K. DHANWANI AND KASHYAP RAJEEVSARATHY
Abstract. Let Mod(Sg) be the mapping class group of the closed ori-
entable surface Sg of genus g ≥ 2. In this paper, we derive necessary
and sufficient conditions for two finite-order mapping classes to have
commuting conjugates in Mod(Sg). As an application of this result, we
show that any finite-order mapping class, whose corresponding orbifold
is not a sphere, has a conjugate that lifts under any finite-sheeted cover
of Sg. Furthermore, we show that any torsion element in the centralizer
of an irreducible finite order mapping class is of order at most 2. We
also obtain conditions for the primitivity of a finite-order mapping class.
Finally, we describe a procedure for determining the explicit hyperbolic
structures that realize two-generator finite abelian groups of Mod(Sg)
as isometry groups.
1. introduction
Let Sg denote closed orientable surface of genus g ≥ 0, and let Mod(Sg)
denote the mapping class group of Sg. Given two finite-order mapping
classes in Mod(Sg), for g ≥ 2, a natural question that arises is whether there
exist representatives of their respective conjugacy classes that commute in
Mod(Sg). (When two finite-order mapping classes satisfy this condition,
we say that they weakly commute.) While finite abelian groups and their
conjugacy classes in Mod(Sg) have been widely studied [2, 4, 8], our pursuit
can be motivated with the following example. Consider the six involutions
in Mod(S8) shown in Figure 1 below, where each involution is realized as
a π-rotation about an axis (passing through the origin) under a suitable
isometric embedding S8 →֒ R3.
π π π
π
x y x
z
x y = x
Figure 1. Six conjugate involutions in Mod(S8)
.
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Though all of these involutions are conjugate in Mod(Sg), note that each
of the two pairs of involutions indicated in the first two subfigures clearly
generate distinct subgroups of Mod(S8) isomorphic to Z2 ⊕ Z2, while the
pair of involutions appearing in the third figure can be shown to generate a
subgroup isomorphic to D16.
As the main result of this paper (see Theorem 4.8), in Section 4, we
derive necessary and sufficient conditions under which two finite-order map-
ping classes will have commuting conjugates in Mod(Sg). We appeal to
Thurston’s orbifold theory [16], and the classical theory [4, 5, 7] of group
actions on surfaces for proving this result. A key ingredient in our proof is
understanding the factors that determine whether a given Zn-action on Sg
induces a Zn-action on the quotient orbifold of another cyclic action, and
also analyzing the properties of such an induced action. In this connection,
we also provide an abstract tuple of integers called an “abelian data set”
which corresponds to a two-generator finite abelian subgroup up to a notion
of equivalence that we call “weak conjugacy”, which, as the term suggests,
is weaker than conjugacy (see Section 4).
Let F ∈ Mod(Sg) be of order n. By the Nielsen-Kerckhoff theorem [6, 11],
F has a representative F˜ ∈ Homeo+(Sg) such that F˜
n = 1. We call the
quotient orbifold Sg/〈F˜ 〉 the corresponding orbifold for F . For an m-sheeted
cover p : Sm(g−1)+1 → Sg, let LModp(Sg) denote the subgroup of Mod(Sg)
of liftable mapping classes under p. As a first application of our main result,
in Section 5, we derive conditions under which a finite-order mapping classes
weakly commute with mapping classes represented by generators of certain
free cyclic actions on Sg (see Corollary 5.5). A direct consequence of this
result is the following:
Corollary 1. Let p : Sm(g−1)+1 → Sg be an m-sheeted cover whose deck
transformation group is Zm. Let F ∈ Mod(Sg) be a finite-order mapping
class whose corresponding orbifold is not a sphere. Then the conjugacy class
of F has a representative F ′ such that F ′ ∈ LModp(Sg).
We also derive an analog of this corollary for certain finite-order mapping
classes whose corresponding orbifolds are spheres (see Corollary 5.7). It
is known [4, 18] that an F ∈ Mod(Sg) of finite order with |F | > 2g +
1 is primitive. Using our theory, we give conditions that determine the
primitivity (see Theorem 5.8) of an arbitrary finite-order mapping class.
These conditions further lead to a characterization of the primitivity of
certain surface rotations.
Corollary 2. Let F ∈ Mod(Sg) be a finite-order mapping class.
(i) If |F | = g − 1 and F is represented by the generator of a free action,
then a nontrivial root G of F exists if, and, only if 2 ∤ (g−1). Moreover,
G has degree 2.
(ii) If 6 | g and F is represented by a rotation of order g, then F is primi-
tive.
It is known [3] that a finite-order mapping class is irreducible if, and only
if, its corresponding orbifold is a sphere with 3 cone points. Following the
nomenclature from [14], we say an irreducible order n mapping class is of
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Type 1 if its corresponding orbifold has a cone point of order n, otherwise
we say such a mapping class is of Type 2. In this connection, we prove the
following:
Corollary 3. Suppose that a finite abelian subgroup A of Mod(Sg) contains
an irreducible finite-order mapping class F .
(i) If F is of Type 2, then A = 〈F 〉.
(ii) If F is of Type 1, then either A = 〈G〉, where G is a root of F , or
A ∼= Z2 ⊕ Z2g+2.
Let c be a simple closed curve in Sg for g ≥ 2, and let tc ∈ Mod(Sg) denote
the left-handed Dehn twist about c. Let F ∈ Mod(Sg) be either a root of tc
of degree n, or an order-n mapping class that preserves the isotopy class of
c. Then we may assume up to isotopy that F (c) = c, and that F preserves
a closed annular neighborhood N of c. Further, it is known [9, 12, 14]
that F induces an order-n map F̂c on the surface obtained by capping off
the components of Sg \N . As another application of our main result, we
obtain the following characterization of weak commutativity of finite-order
mapping classes with roots of Dehn twists about nonseparating curves.
Corollary 4. Let F ∈ Mod(Sg) be a root of tc, where c is nonseparating, and
G ∈ Mod(Sg) be of finite order. Then F and G have commuting conjugates
if, and only if G(c) = c, and F̂c and Ĝc have commuting conjugates. In
particular, if F̂c is primitive, then F and G cannot commute in Mod(Sg).
We also state an analog of this result (see Corollary 5.15) for the roots of
Dehn twists about separating curves.
Given a weak conjugacy class of a two-generator finite abelian group (en-
coded by an abelian data set), in Section 6, we provide an algorithm for
determining the conjugacy classes of its generators. We indicate how this
algorithm, along with theory developed in [14], leads to a procedure for
determining the explicit hyperbolic structures that realize a two-generator
abelian subgroup as a group of isometries. Finally, we classify the weak
conjugacy classes of two-generator finite abelian subgroups of Mod(S3). We
conclude the paper by providing some non-trivial geometric realizations of
some of these subgroups.
2. Preliminaries
A Fuchsian group [5] Γ is a discrete subgroup of Isom+(H) = PSL2(R).
If H/Γ is a compact orbifold, then Γ has a presentation of the form〈
α1, β1, . . . , αg0 , βg0 , ξ1, . . . , ξℓ | ξ
n1
1 = · · · = ξ
nℓ
ℓ =
ℓ∏
i=1
ξi
g∏
i=1
[αi, βi] = 1
〉
.
We represent Γ by a tuple (g0;n1, n2, . . . , nℓ) which is called its signature,
and we write
Γ(g0;n1, n2, . . . , nℓ) := Γ.
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Let Homeo+(Sg) denote the group of orientation-preserving homeomorphisms
on Sg. Given a finite group H < Homeo
+(Sg), a faithful properly discon-
tinuous H-action on Sg induces a branched covering
Sg → OH := Sg/H,
which has ℓ branched points (or cone points) x1, . . . , xℓ in the quotient orb-
ifold OH ≈ Sg0 of orders n1, . . . , nℓ, respectively. Thus, OH has a signature
given by
Γ(OH) := (g0;n1, n2, . . . , nℓ),
and its orbifold fundamental group is given by
πorb1 (OH) := Γ(g0;n1, n2, . . . , nℓ).
From orbifold covering space theory, the orbifold covering map Sg → OH
corresponds to an exact sequence
1→ π1(Sg)→ π
orb
1 (OH)
φH−−→ H → 1.
This leads us to the following result [4] due to Harvey.
Lemma 2.1. A finite group H acts faithfully on Sg with Γ(OH) = (g0;n1, . . . , nℓ)
if, and only if, it satisfies the following two conditions:
(i)
2g − 2
|H|
= 2g0 − 2 +
ℓ∑
i=1
(
1−
1
ni
)
, and
(ii) there exists a surjective homomorphism φH : π
orb
1 (OH)→ H such that
preserves the orders of all torsion elements of Γ.
For g ≥ 1, let H = 〈F 〉 be a finite cyclic subgroup of Mod(Sg) of order
n. By the Nielsen-Kerckhoff theorem [6, 11], we may also regard H as a
finite cyclic subgroup of Homeo+(Sg) generated by an F˜ of order n. We
call F˜ a standard representative of the mapping class F . For notational
simplicity, we will also denote the standard representative F˜ by F . We
refer to both F and the group it generates, interchangeably, as a Zn-action
on Sg. Moreover, F corresponds to an orbifold OH ≈ Sg/H (called the
corresponding orbifold), where for each i, the cone point xi lifts to an orbit
of size n/ni on Sg. The local rotation induced by F around the points in
the orbit is given by 2πc−1i /ni, where cic
−1
i ≡ 1 (mod ni). We denote a
typical point in OH by [x], where x is a lift of [x] under the branched cover
Sg → OH . We see that each cone point [x] ∈ OH corresponds to a unique
pair in the multiset {(c1, n1), . . . , (cℓ, nℓ)}, which we denote by (cx, nx). So,
we define
P[x] :=
{
(cx, nx), if [x] is a cone point of OH , and
(0, 1), otherwise.
Definition 2.2. We will now define a tuple of integers that will encode the
conjugacy class of a Zn-action on Sg.
A data set of degree n is a tuple
D = (n, g0, r; (c1, n1), . . . , (cℓ, nℓ)),
where n ≥ 2, g0 ≥ 0, and 0 ≤ r ≤ n− 1 are integers, and each ci is a residue
class modulo ni such that:
COMMUTING CONJUGATES OF FINITE-ORDER MAPPING CLASSES 5
(i) r > 0 if, and only if ℓ = 0, and when r > 0, we have gcd(r, n) = 1,
(ii) each ni | n,
(iii) for each i, gcd(ci, ni) = 1,
(iv) lcm(n1, . . . n̂i, . . . , nℓ) = N , for 1 ≤ i ≤ r, where N = n, if g0 = 0, and
(v)
ℓ∑
j=1
n
nj
cj ≡ 0 (mod n).
The number g determined by the Riemann-Hurwitz equation
2− 2g
n
= 2− 2g0 +
ℓ∑
j=1
(
1
nj
− 1
)
is called the genus of the data set.
The following lemma is a consequence of [15, Theorem 3.8] and the results
in [4].
Lemma 2.3. For g ≥ 1 and n ≥ 2, data sets of degree n and genus g
correspond to conjugacy classes of Zn-actions on Sg.
The quantity r associated with a data set D will be non-zero if, and only if,
D represents a free rotation of Sg by 2πr/n. We will avoid writing r in the
notation of a data set, whenever r = 0. From here on, we will use data sets
to denote the conjugacy classes of cyclic actions on Sg. Given a finite-order
mapping class F , we define the data set associated with its conjugacy class
by DF . Further, for convenience of notation, we also write the data set D
as
D = (n, g0, r; ((d1,m1), α1), . . . , ((dr,mr), αr)),
where (di,mi) are the distinct pairs in the multiset S = {(c1, n1), . . . , (cℓ, nℓ)},
and the αi denote the multiplicity of the pair (di,mi) in S.
3. Induced automorphisms on quotient orbifolds
Consider a finite group H < Homeo+(Sg), and a subgroup H
′⊳H. Then
it is known [17] that the actions of H and H ′ on Sg induces an action of
H/H ′ on OH′ . In this section, we analyze this induced action for the case
when H is a two-generator finite abelian group, and H ′ is one of its cyclic
factor subgroups. We will derive several properties of these induced actions,
which will form the core of the theory that we develop in this paper.
Definition 3.1. Let H < Homeo+(Sg) be a finite cyclic group. We say
a F¯ ∈ Homeo+(OH) is an automorphism of OH if F¯ ([x]) = [y], for some
[x], [y] ∈ OH , then P[x] = P[y].
We denote the group of automorphisms of OH by Aut(OH). We derive
three technical lemmas, which give necessary conditions under which a given
orbifold automorphism is induced by a finite-order map. These lemmas will
be used extensively in subsequent sections.
Lemma 3.2. Let G,F ∈ Homeo+(Sg) be commuting maps of order m,n,
respectively, and let H = 〈F 〉. Then:
(i) G induces a G¯ ∈ Homeo+(OH) such that
OH/〈G¯〉 = Sg/〈F,G〉,
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(ii) |G¯| | |G|, and
(iii) |G¯| < m if, and only if, F l = Gk, for some 0 < k < m and 0 < l < n.
Proof. Defining G¯[x] = [G(x)], for [x] ∈ Sg/〈F 〉, we see the (i) follows
immediately. The assertion in (ii) follows from the fact that
G¯m([x]) = [Gm(x)] = [x], for [x] ∈ Sg/〈F 〉.
To prove (iii), we first assume that t := |G¯| < m. Suppose we assume on
the contrary that F l 6= Gk, for any 1 ≤ l < n and 1 ≤ k < m. Then
G¯t([x]) = [x]⇔ [Gt(x)] = [x],
for all [x] ∈ OH . Thus, for each [x] ∈ OH , there exists 1 ≤ lx ≤ n such that
GtF lx(y) = y, for all y ∈ Sg in the preimage of [x] under the branched cover
Sg → OH . If t < m, then for each lx, G
tF lx is a non-trivial homeomorphism,
which shows that every point of Sg is fixed by some element of the abelian
group 〈F,G〉 of order mn, which is impossible. The converse follows directly
from the definition of G¯.

We call the map G¯ in Lemma 3.2 the induced map on O〈F 〉 by G. For an
action of a group G on a set X, we denote the stabilizer of a point x ∈ X by
StabG(x). We will also need the following well known result [10, Proposition
3.1] from the theory of finite group actions on surfaces.
Lemma 3.3. Let H < Homeo+(Sg) be finite. Then StabH(x) is a cyclic
group, for every x ∈ Sg.
Lemma 3.4. Let F,G ∈ Homeo+(Sg) be of orders n,m, respectively, and
let F¯ ∈ Homeo+(O〈G〉) be induced by F as in Lemma 3.2. Suppose that
FG = GF , and F p 6= Gq, for any 1 < q < n and 1 < p < m. If for some
x ∈ Sg, G
k(x) = x and F¯ l([x]) = [x], for some 1 ≤ k < m and 1 ≤ l < n,
then
|F¯ l| = ba,
where gcd(b,m) = 1 and a | m
|Gk|
.
Proof. It suffices to establish the result for the case when |Gk| = m, that
is, for k = 1. Suppose we assume on the contrary that |F¯ l| = b, where
gcd(m, b) = α 6= 1. Then there exists 1 ≤ t ≤ m such that GtF l(x) = x.
Thus, we have that G
m
α , F
lb
α ∈ StabA(x), where A = 〈F,G〉. Since StabA(x)
is cyclic and |G
m
α | = |F
lb
α | = α, we have G
m
α ∈ 〈F
lb
α 〉, which is impossible.
Hence, our assertion follows. 
Lemma 3.5. Let G,F ∈ Homeo+(Sg) be commuting homeomorphisms of
orders m,n, respectively. Let F¯ be the induced map on Sg/〈G〉 as in Lemma 3.2.
Then:
(i) For [x], [y] ∈ O〈G〉, if F¯ ([x]) = ([y]), then Px = Py.
(ii) For each orbit O of size |F | induced by the action of 〈F¯ 〉 on O〈G〉, there
exists a point [x(O)] ∈ O〈G¯〉 such that P[x(O)] = P[y], where [y] ∈ O.
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(iii) Let F have β fixed points in Sg. If β¯ denotes the number of fixed points
of F¯ , then⌈
β
m
⌉
≤ β¯ ≤
⌊
(m− 1)(2g − 2 + 2n)
m(n− 1)
⌋
+
⌈
β
m
⌉
.
Proof. (i) Suppose that F¯ ([x]) = [y]. Then there exists x′, y′ ∈ Sg in the
pre-images of [x], [y] (under the branched cover) such that F (x′) = y′.
Then
Gm/nx(y′) = Gm/nx(F (x′)) = F (Gm/nx(x′)) = F (x′) = y′,
where P[x] = (cx, nx). By a similar argument, we can show that
Gny(x′) = x′, and so it follows that nx = ny.
To show that cx = cy, it now suffices to show that if F¯ ([x]) = [y],
where nx = ny = m, then cx = cy. Without loss of generality, we
assume that cy = 1. Now, there exists an G-invariant disk D2 around y
that G rotates by 2π/m, and there exists a G-invariant disk D1 around
x that G rotates by 2πc−1x /m. So, we must have FGF
−1 = Gcx , which
is impossible, as F and G commute.
(ii) Suppose that F has m fixed points {x1, . . . xm} that form an orbit
under the action of G on Sg. Then, it is clear that F¯ ([x1]) = [x1], from
which the assertion follows.
(iii) If F (x) = x, then by definition, F¯ ([x]) = [x], and so we have F (Gi(x)) =
Gi(x), for each i. If F has β fixed points, then there exist atleast βm
distinct orbits which contain points fixed by F . Hence, the lower bound
follows.
To show the upper bound, we observe that if F¯ ([x]) = [x], then by
definition, there exist 0 ≤ i ≤ m − 1 such that GiF (x) = x. When
i 6= 0, by a direct application of the Riemann-Hurwitz equation, it
follows that
⌊
(2g−2+2n)
(n−1)
⌋
is maximum number cone points of order n in
O〈GiF 〉, which completes the argument.

The necessary conditions that appear in lemmas above, under which a given
orbifold automorphism is induced, are summarized in the following two def-
initions.
Definition 3.6. Let F,G ∈ Homeo+(Sg) be of orders n and m respectively,
and let H = 〈G〉. We say a map F¯ ∈ Aut(OH) satisfies the induced map
property (IMP) with respect to (F,G), if the following conditions hold.
(i) For [x], [y] ∈ OH , if F¯ ([x]) = ([y]), we have Px = Py.
(ii) For each orbit O of size |F | induced by the action of 〈F¯ 〉 on O〈G〉, there
exists a point [x(O)] ∈ O〈G¯〉 such that P[x(O)] = P[y], where [y] ∈ O.
(iii) Let F have β fixed points in Sg. If β¯ denotes the number of fixed
points of F¯ , then⌈
β
m
⌉
≤ β¯ ≤
⌊
(m− 1)(2g − 2 + 2n)
m(n− 1)
⌋
+
⌈
β
m
⌉
.
(iv) If [x] is a cone point of order n′ in OH , then F¯
l([x]) = [x], only if
| F¯ l |= ba, where gcd(b,m) = 1 and a | mn′ .
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Definition 3.7. Let F,G ∈ Homeo+(Sg) be finite-order maps with DF =
(n, g1, r1; ((c1, n1), α1), . . . , ((cr, nr), αr)) and DG = (m, g2, r2; ((d1,m1), β1),
. . . , ((dk,mk), βk)), where m | n. Then (G,F ) are said to form an essential
pair if the following three conditions hold.
(i) There exists a F˜ ∈ Homeo+(Sg2) withDF˜ = (n, g0, r
o
1; (c
o
1, n
o
1), . . . , (c
o
s, n
o
s))
on Sg2 which induces an F¯ ∈ Aut(O〈G〉) that satisfies the IMP with
respect to (F,G).
(ii) There exists a G˜ ∈ Homeo+(Sg1) withDG˜ = (m, g0, r
o
2; (d
o
1,m
o
1), . . . , (d
o
t ,m
o
t )),
which induces a G¯ ∈ Aut(O〈F 〉) that satisfies the IMP with respect to
(G,F ).
(iii) Γ(O〈G〉/〈F¯ 〉) = Γ(O〈F 〉/〈G¯〉).
The number mn (written as m · n) is called the order of the essential pair
(G,F ).
Example 3.8. Let F,G ∈ Homeo+(S7) with DF = DG = (6, 2, 1; ). Then
(G,F ) is an essential pair of order 6 · 6, as F,G induce F¯ , G¯ ∈ Homeo+(S2)
(resp.) with DF¯ = DG¯ = (6, 0; ((1, 2), 2), (1, 3), (2, 3)), and Γ(O〈G〉/〈F¯ 〉) =
Γ(O〈F 〉/〈G¯〉) = (0; 2, 2, 3, 3).
Given a quotient orbifold OH , where H = 〈F 〉, we now state a set of
necessary conditions (as we will show later in Theorem 4.8) for a given
G¯ ∈ Aut(OH) to be induced by a finite-order map G such that 〈G,F 〉 forms
a two-generator abelian group.
Definition 3.9. For finite-order maps F,G ∈ Homeo+(Sg), let (G,F ) form
an essential pair of order m · n as in Definition 3.7. Then (G,F ) is said to
be a weakly abelian pair of order m · n if the following conditions hold.
(i) If Γ(O〈G〉/〈F¯ 〉) = Γ(O〈F 〉/〈G¯〉) = (g0;m
′
1n
′
1, . . . ,m
′
ln
′
l) such that for
each i, m′in
′
i 6= 1 and m
′
in
′
i | n.
(ii) If g0 = 0 in condition (iii), then there exist a sub-multiset A =
{n11, . . . , nl1} of the multiset B = {m
′
1n
′
1, . . . ,m
′
ln
′
l} such that lcm(Â) =
lcm({n11, . . . , n̂i1, . . . , nl1}) = n and m | lcm(B \A).
(iii) (a) Denoting lcm({m′kn
′
k : m
′
k 6= 1}) = B1, if
∑
n′i 6=1
n
gcd(n, n′im
′
i)
ci ≡
−δ2 (mod n), wherem
′
i ∈ {1,m
o
1, . . . ,m
o
t} and n
′
i ∈ {1, n1, . . . , nr},
then nB1 |δ2.
(b) Denoting lcm({m′ln
′
l : n
′
l 6= 1}) = B¯2, and gcd(B¯2,m) = B2, if∑
m′i 6=1
m
gcd(m,m′in
′
i)
di ≡ −δ1 (mod m), where m
′
i ∈ {1,m1, . . . ,mk}
and n′i ∈ {1, n
o
1, . . . , n
o
s}, then
m
B2
|δ1.
Example 3.10. Let F,G ∈ Homeo+(S2) with DF = (6, 0; ((1, 6), 2), (2, 3)),
DG = (2, 0; ((1, 2), 6)), respectively. Then (G,F ) is an essential pair of
order 2 · 6, with DF¯ = (6, 0; (1, 6), (5, 6)) and DG¯ = (2, 0; ((1, 2), 2)), where
Γ(O〈G〉/〈F¯ 〉) = Γ(O〈F 〉/〈G¯〉) = (0; 2, 6, 6). It is easy to check that (G,F ) is
also a weak abelian pair of order 2 · 6.
Given a finite set S of positive integers, we denote the least common multiple
of the integers in S by lcm(S). In order to improve the clarity of exposition,
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we will divide the proof our main result into four subcases, of which the first
two cases (that will form bulk of our proof) assume the following condition
on the quotient orbifolds (of the cyclic factor subgroups).
Definition 3.11. Let H < Homeo+(Sg) be a finite cyclic group, and
let Γ(OH) = (g0;n1, . . . , nℓ). We say the action of H on Sg satisfies the
lcm condition if
lcm({n1, . . . , nℓ}) = |H|.
We conclude this section with another lemma that will be used in one of the
subcases of our main result.
Lemma 3.12. Let F,G ∈ Homeo+(Sg) be of orders n and m, respectively.
If FG = GF and Sg/〈F,G〉 ≈ S0, then there exists a F
′ ∈ 〈F,G〉 of order n
such that the action of 〈F ′〉 on Sg satisfies the lcm condition.
Proof. Let H = 〈G〉. Consider the map F¯ ∈ Aut(OH) induced by F . Since
OH/〈F¯ 〉 = Sg/〈F,G〉, the action of F¯ on OH satisfies the lcm condition. Let
DF¯ = (n, 0; (c
′
1, n
′
1), . . . , (c
′
s, n
′
s)). Consider a minimal subset {n11, . . . , n1l}
of the multiset {n′1, n
′
2, . . . , n
′
s} with the property lcm({n11, . . . , n1l}) = n.
Now, for each n1i, there exists li such that G
liF
nc1i
n1i (xi) = xi, for some
xi ∈ Sg. It is apparent that |G
liF
nc1i
n1i | ≥ n1i. For each 1 ≤ i ≤ l, we
choose an appropriate power of GliF
nc1i
n1i that we denote by F ′i , so that
gcd(|F ′i |, |F
′
j |) = 1, when i 6= j, and lcm({|F
′
1|, . . . , |F
′
l |} = n. Thus, the
assertion follows by choosing F ′ = F ′1F
′
2 . . . F
′
l . 
4. Main theorem
By a two-generator finite abelian action of order mn (written as m · n),
we mean a tuple (H, (G,F )), where m | n and H < Homeo+(Sg), and
H = 〈G,F |Gm = Fn = 1, [F,G] = 1〉.
Definition 4.1. Two finite abelian actions (H1, (G1, F1)) and (H2, (G2, F2))
or order m ·n are said to be weakly conjugate if there exists an isomorphism,
ψ : πorb1 (OH1)
∼= πorb1 (OH2) and an isomorphism χ : H1 → H2 such that
(i) χ((G1, F1)) = (G2, F2),
(ii) (χ◦φH1)(g) = (φH2◦ψ)(g), whenever g ∈ π
orb
1 (OH1) is of finite-order, and
(iii) the pair (G1, F1) is conjugate (component-wise) to the pair (G2, F2) in
Homeo+(Sg).
The notion of weak conjugacy induces an equivalence relation on the two-
generator finite abelian subgroups of Homeo+(Sg), and we will call the equiv-
alence classes as weak conjugacy classes.
We will now define an abstract tuple of integers that encode, as we will see
shortly in Proposition 4.3, the weak conjugacy class of a two-generator finite
abelian action.
Definition 4.2. An abelian data set of degree m · n and genus g is a tuple
(m · n, g0; [(c11, n11), (c12, n12), n1], . . . , [(cr1, nr1), (cr2, nr2), nr]),
where m,n ≥ 2, g0 ≥ 0, and g ≥ 2 are integers satisfying the following
conditions:
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(i) m | n,
(ii)
2g − 2
mn
= 2g0 − 2 +
r∑
i=1
(
1−
1
ni
)
,
(iii) lcm(n1, . . . , nr) = lcm(n1, . . . , n̂k, . . . , nr) = N, and if g0 = 0, then N =
n,
(iv) for each i, ni1|m, ni2|n, and lcm(ni1, ni2) = ni,
(v) for each i, j, either (cij , nij) = 1, or cij = 0, and cij = 0, if, and only
if, nij = 1,
(vi)
r∑
i=1
m
ni1
ci1 ≡ 0 (mod m) and
r∑
i=1
n
ni2
ci2 ≡ 0 (mod n), and
(vii) when g0 = 0, there exists (ℓ1, . . . , ℓr), (k1, . . . , kr) ∈ Zr such that
(a)
r∑
i=1
n
ni1
ci1ℓi ≡ 0 (mod n) and
r∑
i=1
m
ni2
ci2ℓi ≡ 1 (mod m), and
(b)
r∑
i=1
n
ni1
ci1ki ≡ 1 (mod n) and
r∑
i=1
m
ni2
ci2ki ≡ 0 (mod m).
Proposition 4.3. For m,n, g ≥ 2 and m | n, abelian data sets of degree m·n
and genus g correspond to the weak conjugacy classes of Zm ⊕ Zn-actions
on Sg.
Proof. Let D be an abelian data set of degree m · n and genus g as in
Definition 4.2. By Lemma 2.1, it suffices to show there exists a surjective
map φ : πorb1 (OH) → H that preserves the order of torsion elements, where
H = Zm ⊕ Zn and Γ(OH) = (g0;n1, . . . , nr). Let the presentation of Γ and
Zm ⊕ Zn be given by
〈α1, β1, . . . , αg0 , βg0 , ξ1, . . . , ξℓ | ξ
n1
1 = · · · = ξ
nℓ
ℓ =
ℓ∏
i=1
ξi
g∏
i=1
[αi, βi] = 1〉 and
Zm ⊕ Zn = 〈x, y |x
m = yn = [x, y] = 1〉.
First, we show the result for the case when g0 = 0. We consider the map
ξi → x
m
ni1
ci1y
n
ni2
ci2 , for 1 ≤ i ≤ r.
Since |x
m
ni1
ci1 | = ni1 and |y
n
ni2
ci2 | = ni2, condition (iv) implies that φ is an
order-preserving map. Moreover, condition (vi) implies that φ satisfies the
long relation
∏r
i=1 ξi = 1. In order to show that φ is surjective, we establish
that φ(Γ) generates the group Zm ⊕ Zn. But condition (vii) ensures that
{φ(ξi) : 1 ≤ i ≤ r} generates Zm ⊕ Zn, and hence it follows that D deter-
mines a Zm ⊕ Zn-action on Sg. When g0 > 0, πorb1 (OH) also has hyperbolic
generators (i.e. the αi and the βi), which can be mapped surjectively to the
generators of Zm ⊕ Zn.
Conversely, suppose that there is a Zm⊕Zn-action D on Sg such that OD
had genus g0. Then by Theorem 2.1, there exists a surjective homomorphism
φ : Γ→ Zm ⊕ Zn : ξi 7→ x
m
ni1
ci1y
n
ni2
ci2 , for 1 ≤ i ≤ r,
that is order-preserving on the torsion elements. This yields an abelian data
set of degreem·n and genus g as in Definition 4.2, and the result follows. 
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Example 4.4. The weak conjugacy classes of the abelian actions illustrated
in the first two subfigures of Figure 1 (in Section 1) are represented by the
abelian data sets
(2 · 2, 2; [(0, 1), (1, 2), 2], [(1, 2), (0, 1), 2], [(1, 2), (1, 2), 2]) and
(2 · 2, 1; [(0, 1), (1, 2), 2], [(1, 2), (0, 1), 2], [(1, 2), (1, 2), 2]5),
where the suffix 5 in the second data set denotes the multiplicity of the
subtuple [(1, 2), (1, 2), 2]. We will discuss such actions in more detail in
Section 5.
To each F ∈ Mod(Sg) of order n, we may associate a standard representative
F˜ ∈ Homeo+(Sg) of the same order whose conjugacy class we denote by DF .
Definition 4.5. Two elements of a group G are said to weakly commute if
there exists representatives in their respective conjugacy classes that com-
mute.
For a group G, if g, h ∈ G weakly commute, then we denote it by Jg, hK = 1.
It is clear from Definition 4.5 that if Jg, hK 6= 1, then g and h cannot commute
in G.
Remark 4.6. It follows immediately from Definition 4.5 and the Nielsen-
Kerckhoff theorem that given F,G ∈ Homeo+(Sg) of finite-order, JF,GK = 1
if, and only if, as mapping classes, they satisfy JF,GK = 1 in Mod(Sg).
The proof of the main theorem we will also require the following elementary
number-theoretic lemma.
Lemma 4.7. Let δ ∈ Zn, and k1, . . . , kr are positive integers such that
lcm({k1, . . . , kr}) = β | n. If
n
β |δ, then there exists δ1, . . . , δr ∈ Zn such that
n
ki
|δi and
∑r
i=1 δi ≡ δ (mod n).
Proof. Since lcm({k1, . . . , kr}) = β we have gcd({
n
k1
, . . . , nkr })|
n
β . So, there
exists integers ci such that c =
∑r
i=1 ci
n
ki
. For some integer t, if δ = ct,
where c = gcd({ nk1 , . . . ,
n
kr
}), then δ =
∑r
i=1 tci
n
ki
. Taking δi = tci
n
ki
, the
assertion follows. 
We will now state the main result in the paper.
Theorem 4.8 (Main Theorem). Let F,G ∈Mod(Sg) be finite-order maps.
Then JF,GK = 1 and their commuting conjugates form a two-generator
abelian group, if, and only if (G,F ) is a weakly abelian pair of order |G| · |F |.
Proof. Let |F | = n and |G| = m, where m | n, and let H = 〈F 〉. Let DF =
(n, g1, r1; ((c1, n1), α1), . . . , ((cr, nr), αr)) and DG = (m, g2, r2; ((d1,m1), β1),
. . . , ((dk,mk), βk)), respectively. First, we assume that JF,GK = 1, and
show that (G,F ) form a weakly abelian pair of order m · n. Without loss
of generality, we may assume that F and G commute in Mod(Sg). Further,
by the Nielsen-Kerckhoff theorem, we may assume up to isotopy that F and
G commute in Homeo+(Sg). Then by Lemma 3.2, it follows that (G,F )
forms an essential pair of order m · n. It remains to show that (G,F ) is a
weakly abelian pair as in Definition 3.9. Condition (i) in this definition is a
consequence of Proposition 3.5, while condition (ii) is a direct consequence
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of condition (vii) of Definition 4.2. To show condition (iii), it suffices to
consider the case when
DF = (n, g1; ((c1, n1),m), . . . , ((cr , nr),m)),
as all other cases follow from similar arguments. First, we note that G
induces a G¯ ∈ Aut(OH) which does not fix any cone point of OH . Let
Γ(OH/〈G¯〉) = (g0;n1, . . . , nr, nr+1, . . . , nr+l). Following the notation in the
proof of Theorem 4.3, we map ξi 7→ F
n
ni
ci , for 1 ≤ i ≤ r. The group relation∏r+l
i=1 ξi =
∏g0
j=1[αj , βj ] of π
orb
1 (OH/〈G¯〉) would now imply that
∏r+l
i=1 φ(ξi) =
1. Thus, either
∑r
i=1
n
ni
ci = 0, or if
∑r
i=1
n
ni
ci 6= 0, then condition (iii) is
necessary.
Conversely, suppose that (G,F ) forms a weakly abelian pair of degreem·n
as in Definition 3.9. By Remark 4.6, it suffices to show that our assumption
yields an abelian data set as desired.
Case 1: Let lcm({n1, . . . , nr}) = n. We further assume that m
′
in
′
i = B1,
where m′i 6= 1, for some i. We may assume, without loss of generality, that
i = 1. Then we show that the tuple
(m ∗ n, g0;
[
(d′1,m
′
1) ,
(
αc′1 + δ
ακ
,
m′1n
′
1
κ
)
,m′1n
′
1
]
,[
(d′2,m
′
2) ,
(
c′2
κ2
,
m′2n
′
2
κ2
)
,m′2n
′
2
]
, . . . ,
[
(d′l,m
′
l) ,
(
c′l
κl
,
m′ln
′
l
κl
)
,m′ln
′
l
]
),
where gcd(c′j ,m
′
j) = κj , κ = gcd(c1+
δ
α ,m
′
1n
′
1), α =
n
m′t1
n′t1
, d′ti = 0, if m
′
i /∈
{mo1,m
2
o, . . . ,m
o
t}, and c
′
i = 0, if n
′
i /∈ {n1, n2, . . . , nr}, forms an abelian data
set. Conditions (i) - (iii) of Definition 4.2 follow directly from our hypothesis.
Moreover, for each i, we have gcd(d′i,m
′
i) = 1 and gcd
(
c′i
κi
,
m′in
′
i
κi
)
= 1, and
by our choice of κi, we have lcm(m
′
i,
m′in
′
i
κi
) = m′in
′
i, from which conditions
(iv) and (v) follow. Furthermore, our choice of c′i and δ2 ensures that
l∑
i=1
n
m′in
′
i
c′i + δ2 ≡ 0 (mod n) and
l∑
i=1
m
m′i
d′i ≡ 0 (mod m),
which yields condition (vi). It now remains to show (vii), when g0 = 0.
Following the notation used in the proof of Theorem 4.3, we show that the
generators y, x (of Zm⊕Zn) can be expressed as products of elements in the
set {φ(ξi) : 1 ≤ i ≤ l}. Consider the set S = {φ(ξi)
mi : 1 ≤ i ≤ l}. Then
by our choice of the map φ, each element of S equals some power of x, and
|φ(ξi)
mi | = ni. Since lcm(n1, . . . , nl) = n, we have 〈S〉 = 〈x〉. Now consider
the set T = {φ(ξr) : φ(ξr) = y
axb, a 6= 0}. Since (G,F ) is an essential pair,
yxt is a product of elements in T , and the assertion follows.
Now suppose that lcm({m′kn
′
k : m
′
k 6= 1}) = B1, where no m
′
kn
′
k equals
B1. Without loss of generality, we may assume that lcm({m
′
kn
′
k : m
′
k 6=
1 and 1 ≤ k ≤ p}) = B1. Then by Lemma 4.7, there exists δ
′
i, for 1 ≤ i ≤ p,
such that
∑p
i=1 δ
′
i ≡ δ2 (mod n). For each δ
′
i, we choose αi =
n
m′in
′
i
and
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consider the tuple
(m ∗ n, g0;
[(
d
′
1,m
′
1
)
,
(
α1c
′
1 + δ
′
1
α1ξ
′
1
,
m′1n
′
1
ξ′
1
)
,m
′
1n
′
1
]
, . . . ,
[(
d
′
p,m
′
p
)
,
(
αpc
′
p + δ
′
p
αpξ′p
,
m′pn
′
p
ξ′p
)
,m
′
pn
′
p
]
,
[(
d
′
p+1,m
′
p+1
)
,
(
c′p+1
ξp+1
,
m′p+1n
′
p+1
ξp+1
)
,m
′
p+1n
′
p+1
]
, . . . ,
[(
d
′
l,m
′
l
)
,
(
c′l
ξl
,
m′ln
′
l
ξl
)
, m
′
ln
′
l
]
),(*)
where ξ′j = gcd({cj +
δ′j
αj
,m′jn
′
j : 1 ≤ j ≤ p}) and gcd(c
′
i,m
′
i) = ξi, for
p + 1 ≤ i ≤ l. As before, this tuple will satisfy all the conditions of an
abelian data set.
Case 2: Let lcm({m1, . . . ,mk}) = m and lcm({n1, . . . , nr}) < n. By
an argument analogous to Case 1, we obtain a representation φ : Γ →
Zm ⊕ Zn such that the generators y, x (of Zm ⊕ Zn) can be expressed as
products of elements in the set {φ(ξi) : 1 ≤ i ≤ l}. Consider the set
S = {φ(ξi)
ni : 1 ≤ i ≤ l}. Then by our choice of φ and Proposition 3.4, it
follows that each element of S equals some power of y and |φ(ξi)
ni | = mi.
Since lcm(m1, . . . ,ml) = m, we have 〈S〉 = 〈y〉. Now consider the set
T = {φ(ξr) : φ(ξr) = y
axb, b 6= 0}. As (G,F ) forms an essential pair, xyt is
a product of elements in T , and the assertion follows.
Case 3: Let lcm({m1, . . . ,mk}) < m, lcm({n1, . . . , nr}) < n, and g0 > 1.
Then the abelian data set and the representation φ from Case 1 also works
for this case.
Case 4: Let lcm({m1, . . . ,mk}) < m, lcm({n1, . . . , nr}) < n, and g0 = 0.
Then by Lemma 3.12, it follows that there exists an F ′ ∈ 〈F,G〉 such that
|F ′| = n andDF ′ = (g
′
0; (c1, n1), . . . , (cr, nr)) satisfies lcm({n1, . . . , nr}) = n.
Since (G,F ) is a weakly abelian pair, so is (G,F ′), and hence this case
reduces to Case 1. 
5. Applications
In this section, we derive several applications of the theory developed in
the earlier section.
5.1. Weak commutativity of involutions. It is well known that the
conjugacy class of an involution F ∈ Mod(Sg) is represented by DF =
(2, g0; ((1, 2), k)), where k = 2(g − 2g0 + 1), if F is a non-free action on Sg,
ans DF = (2, (g + 1)/2, 1; ), otherwise. In this subsection, we will derive
conditions under which two involutions in Mod(Sg) will weakly commute.
Corollary 5.1. Let F,G ∈ Mod(Sg) be involutions such that
DF = (2, g
′
0, r
′; ((1, 2), 2k′)) and DG = (2, g
′′
0 , r
′′; ((1, 2), 2k′′)),
respectively. Then JF,GK = 1 if, and only if, the following conditions hold.
(a) There exists G¯ ∈ Homeo+(Sg′
0
) with DG¯ = (2, g0, r1; ((1, 2), 2s
′′)) such
that g + k′′ + 1 ≥ 2s′′ ≥ k′′.
(b) There exists F¯ ∈ Homeo+(Sg′′
0
) with DF¯ = (2, g0, r2; ((1, 2), 2s
′)) such
that g + k′ + 1 ≥ 2s′ ≥ k′.
Proof. It suffices to show that conditions (a) - (b) mentioned above hold true
if, and only if, (G,F ) is a weakly abelian pair. If (G,F ) is a weakly abelian
pair, then it is apparent that (a) - (b) hold. Conversely, it is easy to see that
conditions (a) - (b) imply that (G,F ) is an essential pair. It remains to show
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that conditions (i) - (iii) of Definition 3.9 hold true. A simple application
of the Riemann-Hurwitz equation to the four data sets that appear in the
statement above leads to a system of (four) linear equations, which can be
simplified to yield the condition:
2s′ − k′ = 2s′′ − k′′,
from which (i)-(ii) follow. When g is odd, 4 |
∑r
i=1 αi
n
ni
ci, and so each δi
appearing in (iii) is 0. If g is even, then as no involution generates a free
action, we have Bi = 2. Thus, condition (iii) is satisfied, and the assertion
follows. 
Let the conjugacy classes DF = (2, g
′
0, r
′; ((1, 2), 2k′)) and DG = (2, g
′′
0 , r
′′;
((1, 2), 2k′′)), be represented by involutions F and G, which commute. Then,
by Corollary 5.1, we have DFG = (2, g0, r
′′′; ((1, 2), 2k)), where k = 2s′ −
k′ = 2s′′ − k′′. Using this idea, one can obtain a geometric realization of a
Klein 4-subgroup K4 of Mod(Sg) by obtaining an isometric embedding of
ι : Sg →֒ R3 that is symmetric about origin such that ι(Sg) intersects, the
x-axis at 2k′ points, the y-axis at 2k′′ points, and the z-axis at 2k points. It
is now apparent that under this embedding the non-trivial elements of K4
are realized as π-rotations about the three coordinates axes. This property
is illustrated in the following example.
Example 5.2. Consider F,G ∈ Mod(S7) whose conjugacy classes given
by DF = (2, 4, 1; ), DG = (2, 3; ((1, 2), 4)), respectively. By the preceding
discussion, there exist three possible choices for the conjugacy class of FG,
namely:
(a) DFG = (2, 4, 1; )
(b) DFG = (2, 2; ((1, 2), 8))
(c) DFG = (2, 0; ((1, 2), 16))
The realization of the group {1, F,G, FG} in each case is given in Figure 2
below.
In fact, all Klein 4-subgroups of Mod(Sg) can be realized in an analogous
manner.
5.2. Finite abelain groups with irreducible finite-order mapping
classes. We say a Zn-action is irreducible if it is irreducible as a mapping
class. By a result of Gilman [3], this is equivalent to requiring that the
corresponding orbifold of the action is a sphere with 3 cone points. Following
the nomenclature in [1] and [14], a Zn-action on Sg is said to be rotational
if it can be realized as a rotation about an axis under a suitable isometric
embedding of Sg →֒ R3. A non-rotational action is said of be of Type 1 if its
quotient orbifold has signature (g0;n1, n2, n), otherwise, it is called a Type
2 action. The following corollary characterizes the weak commutativity of
Type 2 actions with finite-order maps.
Corollary 5.3. There exists no finite non-cyclic abelian subgroup of Mod(Sg)
that contains an irreducible Type 2 action.
Proof. By Remark 4.6, it suffices to show that an irreducible Type 2 Zn-
action F does not commute with any other Zm-action. Since F is a Type
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Figure 2. Realizations of three distinct Klein 4-subgroups
of Mod(S7).
2 action, we have Γ(O〈F 〉) = (0;n1, n2, n3), where ni 6= nj and ni < n, for
1 ≤ i 6= j ≤ 3. In view of Theorem 4.8, if some G ∈ Mod(Sg) such that
JF,GK = 1, then there exists G¯ : O〈F 〉 → O〈F 〉 which satisfies the IMP with
respect to (G,F ). This would imply that G¯ fixes all three cone points of
O〈F 〉. This is impossible, as any homeomorphism on a sphere can fix at most
two points, and the assertion follows. 
We now give a similar characterization for the weak commutativity of Type
1 actions .
Corollary 5.4. Suppose that there exists a finite non-cyclic abelian subgroup
A of Mod(Sg) that contains an irreducible Type 1 action. Then A ∼= Z2 ⊕
Z2g+2.
Proof. Let F be an irreducible Type 1 action with Γ(O〈F 〉) = (0;n1, n2, n3).
Since F is of Type 1, there exists atleast one ni (say n1) such that n1 = n,
and the following cases arise.
Case 1: n2 6= n3 and n2, n3 < n. By an argument analogous to the one
used in the proof of Corollary 5.3, it follows that F does not commute with
any other finite-order element of Mod(Sg).
Case 2 : ni = n, for 1 ≤ i ≤ 3. Then by the Riemann-Hurwitz equation,
we have that n = 2g+1. By applying a result of Maclachlan [8] that bounds
the order of a finite abelian subgroup of Mod(Sg) by 4g + 4, it follows that
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only an involution can commute with F . When such an involution G does
commute with F , it follows immediately that 〈F,G〉 ∼= Z4g+2.
Case 3: n1 = n2 = n 6= n3. Once again, by similar arguments as above,
we can conclude that F cannot commute with any other finite-order G ∈
Mod(Sg) with |G| ≥ 3. When F commutes with an involution G, the induced
map G¯ ∈ Aut(O〈F 〉) fixes the cone point of order n3 in O〈F 〉 and permutes
the remaining 2 cone points. Consequently, we have 〈F,G〉 ∼= Z2 ⊕ Zn.
By the Riemann-Hurwitz equation, it follows that n ≥ 2g + 1, and hence
n = 2g + 2, as 2n ≤ 4g + 4. 
5.3. Weak commutativity with free cyclic actions. Any non-trivial
finite m-sheeted cover of Sg, for g ≥ 2, has the form p : Sm(g−1)+1 → Sg,
where p is a covering map. Given such a cover p, let LModp(Sg) be the
subgroup of Mod(Sg) of mapping classes that lift under the cover. It is
natural question to ask whether a given F ∈ Mod(Sg) of finite-order will
have a conjugate F ′ such that F ′ ∈ LModp(Sg). In this subsection, we
answer this question for certain types of finite-order maps. We begin by
determining when certain types of free cyclic actions weakly commute with
other cyclic actions.
Corollary 5.5. Let F,G ∈ Mod(Sg) with DF = (n, g1, r; ) and DG =
(m, g0, r
′; ((d1,m1), β1), . . . , ((dk,mk), βk)), respectively. Suppose that F in-
duces a free action on O〈G〉. Then JF,GK = 1 if, and only if:
(i) βj = 0 (mod n), for 1 ≤ j ≤ k,
(ii) n|(g0 − 1), and
(iii)
∑k
i=1
βi
n
m
mi
ci ≡ 0 (mod m).
Proof. We show that conditions (i) - (iii) are sufficient, as it follows directly
from Theorem 4.8 that they are necessary. By conditions (i) - (ii) of our
hypothesis, it follows that there exists a free action on Sg0 , which induces
an F¯ ∈ Aut(O〈G〉). The Riemann-Hurwitz equation and Lemma 2.1 imply
that there exists a G¯ ∈ Aut(O〈F 〉) with
DG¯ = (m,
(g0 − 1)
n
+ 1, r′′; ((d1,m1),
β1
n
), . . . , ((dk,mk),
βk
n
)).
Hence, it follows that (G,F ) forms an essential pair, and the fact that they
form an abelian pair follows directly from our hypothesis. 
In the following result, we show that a finite-order mapping class whose
corresponding orbifold has genus > 0 has a conjugate that is liftable under
a finite-sheeted cover of Sg.
Corollary 5.6. Consider an F ∈ Mod(Sg) of finite-order such that O〈F 〉 6≈
S0. Let p : Sm(g−1)+1 → Sg be anm-sheeted cover whose deck transformation
group is given by 〈G〉 ∼= Zm. Then there exists a conjugate F ′ of F such
that F ′ ∈ LModp(Sg).
Proof. Let DF = (n, g0, r; (c1, n1), . . . , (cr, nr)). Then by Corollary 5.5, we
have that F¯ ∈ Mod(Sm(g−1)+1) with DF¯ = (n,m(g0− 1)+1, r¯; ((c1, n1),m),
. . . , ((cr , nr),m)) such that JG, F¯ K = 1. Without loss of generality, we may
assume that G and F¯ commute in Homeo+(Sg). By the IMP, it now follows
that F¯ induces F ′ ∈ Mod(Sg) that is conjugate to F . 
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In the following corollary, we provide conditions under which certain finite-
order mapping class whose corresponding orbifolds are spheres have conju-
gates that lift under a finite cover of Sg.
Corollary 5.7. Let F ∈ Mod(Sg) with DF = (n, 0; (c1, n1), . . . , (cr, nr)).
Let p : Sm(g−1)+1 → Sg be an m-sheeted cover whose deck transformation
group is given by 〈G〉 ∼= Zm. Then there exists a conjugate F ′′ of F such
that F ′′ ∈ LModp(Sg), if the following conditions hold.
(i) m | n1 and m | n2.
(ii) For k = 1, 2, there exists residue classes c′k modulo (nk/m) such that
gcd(c′k, nk/m) = 1 and the tuple
D = (n, 0; (c′1, n1/m), (c
′
2, n2/m), ((c3, n3),m), . . . , ((cr, nr),m))
forms a data set.
Proof. Consider an F ′ ∈ Mod(Sm(g−1)+1) with DF ′ = D. It is straightfor-
ward to check that (G,F ′) forms a weakly abelian pair. Thus, by Theo-
rem 4.8, we have that JF ′, GK = 1. So, F ′ induces F ′′ ∈ Mod(Sg) that is
conjugate to F . 
5.4. Primitivity of finite-order mapping classes. Let G be group, we
say an x ∈ G has root of degree n if there exists y ∈ G such that yn = x.
If a g ∈ G has no root of any degree greater than one, then g is said to be
primitive in G. It is known [18] that the order a finite cyclic subgroup of
Mod(Sg) is bounded above by 4g+2. This would imply that no finite-order
mapping class with order > 2g+1 can have a nontrivial root. The following
proposition gives conditions under which an arbitrary finite-order mapping
class can have a root.
Proposition 5.8. Let F ∈ Mod(Sg) with DF = (n, g0, r; (c1, n1), . . . , (cr, nr)),
and let H = 〈F 〉. Then F has a root of degree m if, and only if the following
conditions hold.
(i) There exists a G ∈ Homeo+(Sg) with DG = (m, g
′, r′; (d1,m1), . . . ,
(dk,mk)), which induces a G¯ ∈ Aut(OH).
(ii) Γ(OH/〈G¯〉) = (g
′;n′1, . . . , n
′
l), where for each i, n
′
i belongs to the fol-
lowing union of multisets
{n1, . . . , nr} ∪ {mi| gcd(mi, n) = 1} ∪ {njmi| gcd(mi, n) = 1} ∪ {nmj}.
(iii) There exist a F ′ ∈ Mod(Sg) with DF ′ = (mn, g
′, r′′; (c′1, n
′
1), . . . , (c
′
l, n
′
l))
such that for each i,
c′i ≡
{
cj , if n
′
i = nj, and
cj (mod nj), if n
′
i = njmi.
Proof. First, we note that the conjugacy of (F ′)m is represented by DF .
Thus, we have that (F ′)m and F are conjugate. So, we can find a conjugate
of F ′, say F˜ , such that F˜m = F. Hence, F has a root of order m.
Conversely, suppose that F has a root F ′ of order m. Then we show
that conditions (i) - (iii) hold. Since F ′ commutes with (F ′)m, the map
F¯ ([x]) = [F ′(x)] defines an automorphism of OH . Furthermore, we have
that
Γ(OH/〈F¯ 〉) = Γ(Sg/〈F
′〉) = (g′; t1, t2, . . . , tl).
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Note that,
ti ∈ {n1, . . . , nr} ∪ {m1, . . . ,mk} ∪ {nimj|1 ≤ i ≤ r, 1 ≤ j ≤ k}.
So, it remains to prove if ti = mj, then gcd(mj , n) = 1, and if ti = mjnk
then either nk = n or gcd(mj, n) = 1. However, this follows directly from
the structures of DF ′ and DF . 
A consequence of this theorem is the following corollary, which pertains to
the roots of a mapping class of order g − 1.
Corollary 5.9. Let F ∈ Mod(Sg) be represented by the generator of a free
cyclic action on Sg, and let F
′ be a nontrivial root of F (if it exists). Then:
(i) O〈F ′〉 6≈ S0, and
(ii) when |F | = g− 1, F ′ exists if, and only if, 2 ∤ (g− 1). Moreover, F ′ is
a root of degree 2.
Proof. (i) Suppose that O〈F ′〉 ≈ S0. Then, as discussed in the proof of
Proposition 5.8, all its powers of prime order have a fixed point.
(ii) Let F define a free action on Sg, and H = 〈F 〉. Then OH ≈ S2, and
by condition (i) of Theorem 5.8, F ′ induces an F¯ ∈ Aut(OH) of order
n. In view of (i), it is clear that n ≤ 2, and further, by condition (ii)
of Theorem 5.8, this is only possible when 2 ∤ (g − 1). If 2 ∤ (g − 1),
then it easy check that F ′ with DF ′ = (2g − 2, 1; (1, 2), (1, 2)) is a root
of F of degree 2.

By arguments similar to those in Corollary 5.9, we can show that:
Corollary 5.10. If 6 | g, then an F ∈ Mod(Sg) with DF = (g, 1; (c, g), (g −
c, g)) is primitive.
5.5. Weak commutativity of finite-order maps with the roots of
Dehn twists. Let c be a simple closed curve in Sg, for g ≥ 2, and let tc ∈
Mod(Sg) denote the left-handed Dehn twist about c. A root of tc of degree
n is an F ∈ Mod(Sg) such that F
n = tc. Consider an F ∈ Mod(Sg) that is
either an order-n mapping class that preserves c, or a root of tc of degree n.
Then up to isotopy, we can assume that F (c) = c, and that F preserves a
closed annular neighborhood N of c. Let Ŝg(c) denote the surface obtained
by capping off the components of Sg \N . Then by the theory developed
in [9, 12, 14], it follows that F induces an order-n map F̂c ∈ Homeo
+(Ŝg(c))
by coning. The following remark describes the construction of a root of a
tc, when c is nonseparating.
Remark 5.11. When c is nonseparating, it is well known [9] that (up to
conjugacy) a root F of tc of degree n determines a Zn-action F̂c on Sg−1,
which has two (distinguished) fixed points on Ŝg(c), where it induces rotation
angles add up to 2π/n (mod 2π). (We will call such an action a nonsepa-
rating root-realizing Zn-action.) Conversely, consider a Zn-action on Sg−1,
which has two (distinguished) fixed points, where it induces rotation angles
that add up to 2π/n (mod 2π). Then we can remove invariant disks around
the fixed points and attach a 1-handle N with an 1/nth twist connecting the
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resulting boundary components to obtain a root of Dehn twist about the
nonseparating curve in N .
Moreover, it was shown in [9, 12] that no root of tc can switch the two sides
of c.
Remark 5.12. Suppose that a Zm-action G ∈ Mod(Sg) preserves a curve c.
Then G induces an order-m map Ĝc on Ŝg(c). In particular Ŝg(c) ≈ Sg−1, if
c is nonseparating, and Ŝg(c) ≈ Sg1⊔Sg2 (in symbols Sg = Sg1#cSg2), where
g1 + g2 = g, when c is separating. Let N be a closed annular neighborhood
of c such that G(N) = N . Then the two distinguished points P,Q that lie
at the center of the capping disks (of the two boundary components of the
surface Sg \N) are either fixed under the action of Ĝc, or form an orbit
of size 2. Conversely, given a Zm-action Ĝc on a surface (≈ Ŝg(c)) with
two distinguished points P,Q, which are either fixed with locally induced
rotation angles (around P and Q) adding up to 0 (mod 2π), or form a orbit
of size 2, we may reverse the above process to obtain Zm-action on Sg. Note
that by [14] P,Q is an orbit of size 2, only when |Ĝc| = 2.
This leads us to the following characterization of weak commutativity of
finite-order maps with roots of Dehn twists about nonseparating curves.
Corollary 5.13. Let F ∈ Mod(Sg) be a root of tc, where c is nonseparating,
and G ∈ Mod(Sg) be of finite order. Then JF,GK = 1 if, and only if G(c) = c
and JF̂c, ĜcK = 1. In particular, if F̂c is primitive, then F and G cannot
commute in Mod(Sg).
Proof. Suppose that JF,GK = 1. Then up to conjugacy, we assume that F
commutes with G, and so we have tc = GtcG
−1 = tG(c). Hence, we may
assume up to isotopy that G(c) = c, and both G and F preserve the same
annular neighborhood N of c. Thus, F̂c and Ĝc, which are induced by F
and G, respectively, must commute as maps on Sg−1, and so it follows that
JF̂c, Ĝc′K = 1.
Conversely, let us assume conditions (i) - (ii) hold true. Then F̂c and
Ĝc share the same set of two distinguished points P and Q (as in Re-
mark 5.11) that are either fixed or form an orbit of size 2, under their
actions. By Remarks 5.11-5.12, we construct maps F and G, which com-
mute in Homeo+(Sg). Therefore, as mapping classes they satisfy JF,GK = 1.
Let H = 〈F̂c, Ĝc〉. To show the final part of the assertion, we first observe
that StabH(P ) = H, when |G| > 2. Since H is cyclic (by Lemma 3.3), it
follows that F̂c has a root of degree |G|. Further, it was shown in [9] that
F is always a root of odd degree. So, when |G| = 2, it is apparent that H
is cyclic. Therefore, if F̂c is primitive, then F and G cannot commute in
Mod(Sg). 
Note that the conditions gcd(|F̂c|, |Ĝc|) = 1 and |F̂c||Ĝc| ≤ (4(g − 1) + 2)
determine an upper bound for |G|.
Remark 5.14. Let c is a separating curve in Sg so that Sg = Sg1#cSg2 . It
is known [13] that (up to conjugacy) a root F of tc of degree n corresponds
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to a pair F̂c = (F̂1,c, F̂2,c) of finite order maps, where F̂i,c ∈ Homeo
+(Sgi)
with |F̂i,c| = ni, for i = 1, 2, with distinguished fixed points Pi ∈ Sgi around
which the locally induced rotational angles θi, which satisfy
θ1 + θ2 ≡ 2π/n (mod 2π), where n = lcm(n1, n2).
Further, if G is a finite-order map with G(c) = c and |G| > 2, then there
is a decomposition of Ĝc into a pair of actions (Ĝ1,c, Ĝ2,c), where Ĝi,c is a
Zm-action on Sgi , for i = 1, 2. However, when |G| = 2, Ĝc is either a single
action on Sg(c) that permutes the components Sgi (in which case g1 = g2),
or it decomposes into a pair of actions (Ĝ1,c, Ĝ2,c) as before.
The ideas in Remarks 5.12 and 5.14 lead to the following analog of Corol-
lary 5.13 for the roots of Dehn twists about separating curves.
Corollary 5.15. Let c is a separating curve in Sg so that Sg = Sg1#cSg2.
Let F ∈ Mod(Sg) be a root of tc so that F̂c = (F̂1,c, F̂2,c). Then a G ∈
Mod(Sg) of finite order satisfies JF,GK = 1 if, and only if:
(i) G(c) = c, and
(ii) either Ĝc = (Ĝ1,c, Ĝ2,c) and JF̂i,c, Ĝi,cK = 1, for i = 1, 2, or F̂1,c is
conjugate with F̂2,c.
6. Hyperbolic structures realizing abelian actions
In [1] and [14], a procedure to obtain the hyperbolic structures that realize
cyclic subgroups of Mod(Sg) as isometries was described. In this section,
we use this procedure, and theory developed in Sections 3-4 to give an
algorithm for obtaining the hyperbolic structures that realize a given two-
generator finite abelian subgroup of Mod(Sg) as an isometry group. Given
a finite subgroup H < Mod(Sg), let Fix(H) denote the subspace of fixed
points in the Teichm¨uller space Teich(Sg) under the action of H. With this
notation in place, we have the following elementary lemma.
Lemma 6.1. Let F,G ∈ Mod(Sg) be commuting finite-order mapping classes.
Then
Fix(〈F,G〉) = Fix(〈F 〉) ∩ Fix(〈G〉).
Proof. Suppose that x ∈ Fix(〈F,G〉). Then x ∈ Fix(〈F 〉) and x ∈ Fix(〈G〉),
and so x ∈ Fix(〈F 〉) ∩ Fix(〈G〉)
Conversely, given x ∈ Fix(〈F 〉) ∩ Fix(〈G〉), thus F (x) = G(x) = x so
F lGk(x) = x, for all l, k, which implies that x ∈ Fix(〈F,G〉). 
In [1, 14], it was shown that:
Theorem 6.2. For g ≥ 2, consider a F ∈ Mod(Sg) with DF = (n, g0; (c1, n1),
(c2, n2), (c3, n)). Then F can be realized explicitly as the rotation θF of a
hyperbolic polygon PF with a suitable side-pairing W (PF ), where PF is a
hyperbolic k(F )-gon with
k(F ) :=
{
2n(1 + 2g0), if n1, n2 6= 2, and
n(1 + 4g0), otherwise,
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and for 0 ≤ m ≤ n− 1,
W (PF ) =

n∏
i=1
Qia2i−1a2i with a
−1
2m+1 ∼ a2z, if k(h) = 2n, and
n∏
i=1
Qiai with a
−1
m+1 ∼ az, otherwise,
where z ≡ m+ qj (mod n), q = (n/n2)c
−1, j = n2 − c2, and
Qr =
∏g0
s=1[xr,s, yr,s], 1 ≤ r ≤ n. Further, when g0 = 0, this structure is
unique.
Suppose that a Zm-action on Sg induces a pair of orbits of size r, where
the induced rotation angles add up to 0 (mod 2π). Then we can remove
cyclically permuted Zm-invariant disks around points in the orbits and then
identifying the resultant boundary components to obtain a Zm-action on
Sg+m−1. This construction is called a self r-compatibility, and we say that
G as above admits a self r-compatibility. Conversely given a Zm-action
on Sg that admits a self r-compatibility, we can reverse the construction
described above to recover the Zm-action on Sg. Further, it was shown that
a non-rotational Type 2 action can be realized from finitely many pairwise
r-compatibilities between Type 1 actions.
Given a weak conjugacy class of an abelian action (H, (G,F )) represented
by
(m · n, g0; [(c11, n11), (c12, n12), n1], . . . , [(cr1, nr1), (cr2, nr2), nr]),
we will now describe an algorithmic procedure for obtaining the conjugacy
classes of its generators. Let H1 = 〈F 〉 and H2 = 〈G〉 by applying .
Step 1. It follows directly from our theory that the data sets
DG¯ = (m, g0; (c11, n11), . . . , (cr1, nr1)) and DF¯ = (n, g0; (c12, n12), . . . , (cr2, nr2))
represent the conjugacy classes of the actions G¯ and F¯ induced on
the orbifolds OH1 and OH2 by the actions of H1 and H2 on Sg,
respectively.
Step 2. We now note that the orbifold signatures Γ(OHi) have the form
Γ(OH1) = (n, g(DG¯); (
n1
n11
, . . .
n1
n11︸ ︷︷ ︸
m
n11
times
, . . . ,
nr
nr1
, . . .
nr
nr1︸ ︷︷ ︸
m
nr1
times
)) and
Γ(OH2) = (n, g(DF¯ ); (
n1
n12
, . . .
n1
n12︸ ︷︷ ︸
n
n12
times
, . . . ,
nr
nr2
, . . .
nr
nr2︸ ︷︷ ︸
n
nr2
times
)),
with the understanding that if ni/nij = 1, for some 1 ≤ i ≤ r and
j = 1, 2, then we exclude it from the signatures.
Step 3. We choose conjugacy classes
DF = (n, g1; ((c1,
n1
n11
),
m
n11
), . . . , ((cr ,
nr
nr1
),
m
nr1
)) and
DG = (m, g2; ((d1,
n1
n12
),
n
n12
), . . . , ((dr,
nr
nr2
),
m
nr2
)),
where ci ≡ ci2 (mod ni/ni1) and di ≡ ci1 (mod ni/ni2).
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Step 4. Finally, using Lemma 6.1, Theorem 6.2, and the subsequent discus-
sion on the theory developed in [1, 14], we can obtain the hyperbolic
structures that realize 〈F,G〉 as group of isometries.
In Table 1 at then end of this section, we give a complete classification of
weak conjugacy classes of two-generator finite abelian subgroups of Mod(S3).
Using the algorithm described above, in Figure 5, we provide a geometric
realization of the weak conjugacy classes in S.Nos 10-12. The pairs of inte-
gers labeled in each subfigure are the pairs P[x], which correspond to cone
points [x] in the quotient orbifold O〈F 〉.
(3, 4)
(3, 4)
(1, 4)
(1, 4)
(1, 2) (1, 2)
(1, 2) (1, 2)
pi G
Figure 3. A realization of the action in S.No.10
of Table 1, with DG = (2, 0; ((1, 2), 8)) and DF =
(4, 0; ((1, 4), 2), ((3, 4), 2)). DF can be realized as a 2-
compatibility between two actions F ′ and F ′′, where DF ′ =
(4, 0; (1, 2), ((3, 4), 2)) and DF ′′ = (4, 0; (1, 2), ((1, 4), 2)).
Note that F ′ and F ′′ are realized rotations of the polygons
PF ′ and PF ′′ described in Theorem 6.2.
pi G
(3, 4)
(3, 4)
(1, 4)
(1, 4)
(1, 2) (1, 2)
(1, 2)(1, 2)
Figure 4. A realization of the action in S.No.11 of Table 1,
with DG = (2, 2, 1; ) and DF = (4, 0; ((1, 4), 2), ((3, 4), 2)).
Here, DF can be realized as a 2-compatibility between
two actions F ′ and F ′′ (realized as before), where DF ′ =
(4, 0; (1, 2), ((3, 4), 2)) and DF ′′ = (4, 0; (1, 2), ((1, 4), 2)).
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pi G
(1, 4) (1, 4)
(1, 2)
(1, 2) (1, 2) (1, 2)
(1, 2)
(1, 2)
(3, 4) (3, 4)(1, 4) (1, 4)
Figure 5. A realization of action in S.No.12 of Ta-
ble 1, with DG = (2, 1; ((1, 2), 4)) and DF =
(4, 0; ((1, 2), 3), ((1, 4), 2)). Here, DF can be realized
by 1-compatibilities of the two actions F ′ and F ′′
with F ′′′, where DF ′ = (4, 0; (1, 2), ((1, 4), 2)), DF ′′ =
(4, 0; (1, 2), ((1, 4), 2)), and DF ′′′ = (4, 0; (1, 2), ((3, 4), 2).
Again F ′, F ′′ and F ′′′ are irreducible Type 1 actions real-
ized as rotations of polygons described in Theorem 6.2.
S.No. Abelian Data Cyclic factors [DG;DF ]
1 (2 · 2, 1; [(1, 2), (0, 1), 2], [(1, 2), (0, 1), 2]) [(2, 2; 1; ); (2, 1; ((1, 2), 4))]
2 (2 · 2, 1; [(0, 1), (1, 2), 2], [(0, 1), (1, 2), 2]) [(2, 1; ((1, 2), 4)); (2, 2; 1; )]
3 (2 · 2, 1; [(1, 2), (1, 2), 2], [(1, 2), (1, 2), 2]) [(2, 2; 1; ); (2, 2; 1; )]
4 (2 · 2, 0; [(1, 2), (0, 1), 2]2, [(1, 2), (1, 2), 2]4)
∗ [(2, 1; ((1, 2), 4)); (2, 2; 1; )]
5 (2 · 2, 0; [(0, 1), (1, 2), 2]2, [(1, 2), (1, 2), 2]4) [(2, 1; 1; ); (2, 1; ((1, 2), 4))]
6 (2 · 2, 0; [(1, 2), (0, 1), 2]4, [(1, 2), (1, 2), 2]2) [(2, 0; ((1, 2), 8)); (2, 2; 1; )]
7 (2 · 2, 0; [(0, 1), (1, 2), 2]4, [(1, 2), (1, 2), 2]2) [(2, 2; 1; ); (2, 0; ((1, 2), 8))]
8 (2 · 2, 0; [(0, 1), (1, 2), 2]2, [(1, 2), (0, 1), 2]4) [(2, 1; ((1, 2), 4)); (2, 0; ((1, 2), 8))]
9 (2 · 2, 0; [(0, 1), (1, 2), 2]4, [(1, 2), (0, 1), 2]2) [(2, 0; ((1, 2), 8)); (2, 1; ((1, 2), 4))]
10 (2 · 4, 0; [(1, 2), (0, 1), 2]2, [(0, 1), (1, 4), 4], [(0, 1), (3, 4), 4]) [(2, 0; ((1, 2), 8)); (4, 0; ((1, 4), 2), ((3, 4), 2))]
11 (2 · 4, 0; [(1, 2), (1, 2), 2]2, [(0, 1), (1, 4), 4], [(0, 1), (3, 4), 4]) [(2, 0; 1; ); (4, 0; ((1, 4), 2), ((3, 4), 2))]
12 (2 · 4, 0; [(1, 2), (0, 1), 2], [(1, 2), (1, 2), 2], [(1, 2), (1, 4), 4], [(0, 1), (1, 4), 4]) [(2, 1; ((1, 2), 4)); (4, 0; ((1, 2), 3), ((1, 4), 2))]
13 (2 · 4, 0; [(1, 2), (0, 1), 2], [(1, 2), (1, 2), 2], [(1, 2), (3, 4), 4], [(0, 1), (3, 4), 4]) [(2, 1; ((1, 2), 4)); (4, 0; ((1, 2), 3), ((3, 4), 2))]
14 (2 · 4, 0; [(1, 2), (0, 1), 2]2, [(1, 2), (3, 4), 4], [(1, 2), (1, 4), 4]) [(2, 0; ((1, 2), 8)); (4, 1; ((1, 2), 2))]
15 (2 · 4, 0; [(1, 2), (0, 1), 2], [(1, 2), (1, 2), 2], [(1, 2), (1, 4), 4]2) [(2, 1; ((1, 2), 4)); (4, 1; ((1, 2), 2))]
16 (2 · 4, 0; [(1, 2), (1, 2), 2]2, [(1, 2), (3, 4), 4], [(1, 2), (1, 4), 4]) [(2, 2; 1; ); (4, 1; ((1, 2), 2))]
17 (2 · 8, 0; [(1, 2), (0, 1), 2], [(1, 2), (1, 8), 8], [(0, 1), (7, 8), 8]) [(2, 0; ((1, 2), 8)); (8, 0; ((1, 4), 1), ((7, 8), 2))]
18 (2 · 8, 0; [(1, 2), (0, 1), 2], [(1, 2), (3, 8), 8], [(0, 1), (5, 8), 8]) [(2, 0; ((1, 2), 8)); (8, 0; ((3, 4), 1), ((5, 8), 2))]
19 (2 · 8, 0; [(1, 2), (0, 1), 2], [(1, 2), (5, 8), 8], [(0, 1), (3, 8), 8]) [(2, 0; ((1, 2), 8)); (8, 0; ((1, 4), 1), ((3, 8), 2))]
20 (2 · 8, 0; [(1, 2), (0, 1), 2], [(1, 2), (7, 8), 8], [(0, 1), (1, 8), 8]) [(2, 0; ((1, 2), 8)); (8, 0; ((3, 4), 1), ((1, 8), 2))]
21 (2 · 8, 0; [(1, 2), (1, 2), 2], [(1, 2), (1, 8), 8], [(0, 1), (3, 8), 8]) [(2, 0; 1; ); (8, 0; ((1, 4), 1), ((3, 8), 2))]
22 (2 · 8, 0; [(1, 2), (1, 2), 2], [(1, 2), (3, 8), 8], [(0, 1), (1, 8), 8]) [(2, 0; 1; ); (8, 0; ((3, 4), 1), ((1, 8), 2))]
23 (2 · 8, 0; [(1, 2), (1, 2), 2], [(1, 2), (5, 8), 8], [(0, 1), (7, 8), 8]) [(2, 0; 1; ); (8, 0; ((1, 4), 1), ((7, 8), 2))]
24 (2 · 8, 0; [(1, 2), (1, 2), 2], [(1, 2), (7, 8), 8], [(0, 1), (5, 8), 8]) [(2, 0; 1; ); (8, 0; ((3, 4), 1), ((5, 8), 2))]
25 (4 · 4, 0; [(1, 4), (0, 1), 4], [(3, 4), (1, 4), 4], [(0, 1), (3, 4), 4]) [(4, 0; ((1, 4), 4)); (4, 0; ((3, 4), 4))]
26 (4 · 4, 0; [(3, 4), (0, 1), 4], [(1, 4), (3, 4), 4], [(0, 1), (1, 4), 4]) [(4, 0; ((3, 4), 4)); (4, 0; ((1, 4), 4))]
27 (4 · 4, 0; [(1, 4), (0, 1), 4], [(3, 4), (3, 4), 4], [(0, 1), (1, 4), 4]) [(4, 0; ((1, 4), 4)); (4, 0; ((1, 4), 4))]
28 (4 · 4, 0; [(3, 4), (0, 1), 4], [(1, 4), (1, 4), 4], [(0, 1), (3, 4), 4]) [(4, 0; ((3, 4), 4)); (4, 0; ((3, 4), 4))]
29 (4 · 4, 0; [(3, 4), (1, 2), 4], [(1, 4), (1, 4), 4], [(0, 1), (1, 4), 4]) [(4, 1; ((1, 2), 2)); (4, 0; ((1, 4), 4))]
30 (4 · 4, 0; [(3, 4), (1, 2), 4], [(1, 4), (3, 4), 4], [(0, 1), (3, 4), 4]) [(4, 1; ((1, 2), 2)); (4, 0; ((3, 4), 4))]
31 (4 · 4, 0; [(1, 4), (1, 2), 4], [(3, 4), (1, 4), 4], [(0, 1), (1, 4), 4]) [(4, 1; ((1, 2), 2)); (4, 0; ((1, 4), 4))]
32 (4 · 4, 0; [(1, 4), (1, 2), 4], [(3, 4), (3, 4), 4], [(0, 1), (3, 4), 4]) [(4, 1; ((1, 2), 2)); (4, 0; ((3, 4), 4))]
Table 1. The weak conjugacy classes of two-generator finite
abelian subgroups of Mod(S3). (*The suffix refers to the
multiplicity of the tuple in the abelian data set.)
Note that the actions S.Nos 17-24 in Table 1 have irreducible Type 1
actions as one of their generators. As the structure realizing such an action is
unique, by lemma 6.1, the abelian groups representing these weak conjugacy
classes are realized as isometry groups by a unique structure.
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